Il Furopean math tournament
- European
Mmsk, March ]*7, 2019 Math Tournament

1 - 7 March 2019
Minsk, Belarus

Komangaag omuvmmana. HOamopsr
2 mapma

a b c
1. Janbl HaTypaJsbHblEe Uncia a, b, ¢, d, e, f, 6onbimme 1. M3pecTHo, 9T0 — - — -

- = 6.
d e f

JlokaxkuTe, 9TO XOTsd ObI OJIHO U3 Yuces a, b, ¢ — cocTaBHOE.

2. B kaxayro KjaeTky Tabjnibl 3 X 3 3ammcaHo 4uc/o. Ilpu 9ToM cymMma 4dnces B Kayk-
JI0il cTpoKe, KpoMe TIepBOil, Ha 3 OoJIbIle, YeM B IPEJbLAYIIEil, 1 cyMMa 4YKcesl B KayKJIOM
cTOJIOIE, KPOMeE IIepBOro, B 3 pas3a 0o0Jibllle, YeM B npeabayiieM. Haitaure cymmy dmcen B
IEPBOI CTPOKE, €C/IN U3BECTHO, UTO OHA PaBHA CyMMe UMCe/l BO BTOPOM CTOJIOIIE.

3. Ha crosie jiexkasin purypsl JIBYX BUJIOB: KBaJpaThl 2 X 2 U IPAMOYTOJbHUKK 1 X 5,
npudeM CyMMa MepUMeTPOB KBaJIpaTOB pPaBHAJACh CyMMe MIePUMETPOB MPAMOYTOJILHUKOB.
Morio Jit CJIyduThCst, 9TO U3 HUX BCEX MOXKHO CJIOYKUTD OJIMH O0JIbINO0M KBapat (6e3 jibip)?

4. Ha ocTpoBe »KUBYT TOJILKO PHIIApH (BCeria TOBOPSAT MPABY ) U JIZKEIbI (BCeria JryT).
Ha mromanmn cobpamcs 111 ocTpOBUTSIH 1 110 OUepe CKasaan “31eCh JI2KEIOB KaK M-
HuUMyM Ha 1 GoJibllie, YeM pblnapeii”’, “3jech JIzKeloB Kak MUHUMYM Ha 2 0O0Jibllle, deM
poiapeit’; ..., “Gjech JoKenoB Kak MuHUMYM Ha 111 Gosbine, yem poirapeii”. CKOTbBKO
JIZKETIOB MOTJIO OBITH Ha 1tomaau? HaiiinTre Bce BapHaHThI U JOKAXKUTE, YTO APYTUX HET.

5. Bepmunbr tpeyrosibiauka ABC jiexkar Ha cTopoHax KBajpata 7 X 7, npudem A, B
n C' gBJIsIIOTCA y3/1aMU CeTKH, TO €CTh JieyKaT B BeplnnHax KjeTok. Ha kakoe nHauboJibiiee
YUCJI0 YacTeil MOTYT pa30UTh 9TOT KBaJIpaT CTOPOHBI TPEYTOJLHIKA 1 JTUHUN CETKH?

6. Ects Tpu xkyukn no 40 kamueii. [lers n Bacst xost 1o ouepejin, nauunaer [lers. 3a
XOJ[ HAJI0 CJIOXKUTDH JIBe KYUYKHU B OJIHY U pa3Jle/ITh €€ Ha deTbipe Kydku. KTo He cmoxker
clies1aTh X0/ — MpourpaJj. KTo m3 urpalonmx MOyKeT BCer ia BHINTPhIBATD, KaK Obl HU UT'PAJT
COIIEPHUK?

7. BajnM BBIOpaJ HaTypasbHoe dncio k u nocunrtas uncia 28 n 5%, Okazasocn, 4ro ux
JECATHIHBIE 3alUCH HAUNHAIOTCA Ha, OJIHY U Ty »Ke 1udpy. Yemy MoxKeT ObITh paBHA 9Ta
mucpa? Haiijiure Bce BapuaHThl U JIOKAXKUATE, ITO JIPYTUX HET.

8. Ha miockoctn ormedeno 100 Touek, HUKaKWe TPU U3 KOTOPLIX HE JIeXKAT Ha OJIHOI
npsamoit. OJiHa n3 3TUX TOYEK KpacHas, a ocTaJbHble ciHMe. TPeyroJibHUK ¢ BEPITUHAME B
CUHUX TOYKAX HA3bIBAETCS TOPOULUM, €CJIN KPacHas TOYKa HaXOAUTCd BHYTpu Hero. Moxker
JII 0OKA3aTbhCsl, YTO KOJMUYECTBO XOPOIIUX TPEYTOJbHUKOB COCTABJISIET HE MeHee I1OJIOBUHbI
OT ODIIEro KOJIMYecTBa TPEYroJIbHUKOB € BEPIIMHAMU B CUHUX TOYKAX !
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1. Given six integers a, b, ¢, d, e, f, each one is greater than 1. It is known that —-—
e
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Prove that at least one of the numbers a, b, ¢ is a composite number.

2. Each cell of the table 3 x 3 contains a number. It is known that the sum of numbers in
each row, except the first, is equal to the sum of the numbers in the previous row, increased
by 3; and the sum of numbers in each column, except the first, is equal to the sum of the
numbers in the previous column, multiplied by 3. Find the sum of the numbers in the first
row, if you know that it is equal to the sum of the numbers in the second column.

3. There are two types of figures on the table: squares 2 x 2 and rectangles 1 x 5, and the
sum of the perimeters of the squares is equal to the sum of the perimeters of the rectangles.
[s this possible that all the figures can be folded into one large square (without holes)?

4. Only knights and liars live on the island; knights always tell the truth, liars always
lie. 111 islanders met in the square and in turn said “Here are at least 1 more liars than
knights”, “Here are at least 2 more liars than knights”, ..., “Here are at least 111 more liars
than knights”. How many liars could there be on the square? Find all the posibilities and
prove that there are no others.

5. The vertices of a triangle ABC' lie on the sides of the square 7 x 7, and A, B and C
are grid nodes, that is, they lie at the vertices of the cells. What is the largest number of
parts the square can be cut down by triangle sides and grid lines?

6. There are three piles of 40 stones. Peter and Vasya take turns, Peter begins. During
the turn, the player must merge two piles into one, and then divide it into 4 piles. If a
player cannot take a turn, he loses. Which of the players can always win, no matter how
the opponent plays?

7. Vadim came up with a positive integer k and calculated the numbers 2% and 5*. It
turned out that their decimal representations begin with the same digit. Which one?

8. There are 100 points on the plane, no three of which lie on the same line. One of these
points is red and the rest are blue. A triangle with vertices at blue points is called good if
the red point is inside it. Could it be that the number of good triangles is at least half of
the total number of triangles with vertices in blue points?
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1. Vmeercst HECKOIBKO JIpobeit (ducmresin u 3HAMEHATE/ N HATYPaJIbHbI, 3HAMEHATEIH
oosbiie 1). Ipomsseenne Beex jpobeit paBHo 7. Jlokaykure, 9TO XOTs1 ObI OJIH U3 THCJIH-
TeJIell — COCTaBHOE YUCJIO.

2. B kaxk1yto KjieTky Tabuib! 4 X 4 3armcaHo moJIoKuTeIbHoe ducyo. [1pu sTom cymma
quces B KaxKJI0i CTpOKe, KpoMe TIepBoil, Ha 4 0oJibIlle, YeM B IPEJIbLIYIeil, 1 cyMMa dnce
B KayKJIOM CTOJIOIEe, KpOMe IIepBOro, B 3 pasa 0oJible, YeM B npeablayineM. Haiigure cymmy
quces BO BTOPOM CTOJIONE, eC/IN M3BECTHO, YTO OHA PaBHA CyMMe YHce/ B KaKOW-TO CTPOKE.

3. Ha crosie jiexkasin purypsl JIByX BUJIOB: KBaJApaThl 2 X 2 U NPAMOYTroJbHUKE 1 X 6,
IpUYeM CyMMa MePpUMETPOB KBaJIPATOB PABHSIACH CYMMeE EPUMETPOB TPAMOYTOJILHIKOB.
I3 Beex duryp yaanoch CI0XKUTH OJUH O0JibInoi KBagpar (6e3 abip). Kakoe nanmenbiiee
quc/10 GUryp Morjo ObITh Ha cToJje?

4. ITpo BbinykJblil gerbipexyroibiuk ABCD usBectno, uto /B = /ZC, /D = 90° u
AB = 2CD. Jokaxure, ato dbuccekrpuca £ AC B nepnenaukyisapua CD.

5. BajinM BbIOpaJ HaTypasibHOe uncio k u nocuunrtas uncia 28 u 5%, Okazasoch, 4To nx
JIeCSITUYHBIE 3allICH HAYUHAIOTCS Ha OJHY 1 Ty ke nudpy. demy MoxKeT OLITh paBHA 3T
udpa? Halignre Bce BapuaHThl U JIOKAXKHUTE, 9YTO JAPYIUX HET.

6. B xsreruarnrit kBagpar 100 X 100 Bumcan TpeyroJbHUK TaK, YTO €r0 BEPIINHBI COB-
1a/Ial0T ¢ BepIImHaMU KJieToK. Ha kakoe HamboJibIlee YnCI0 JacTeil MOryT pa3duThb 3TOT
KBa/[paT CTOPOHBI TPEYTOJbHUKA U JIMHUU CETKH!

7. CyMMa BelllecTBEHHBIX 4mnces a, b, ¢ u d paaa 0. Obosnauum cymmbl N = ab + cd,
K = ac+ bd, P = ad + bc. lokaxxkure, 9To X0oTs ObI ojiHa u3 cymm N + 2K, K +2P n
P + 2N ne nojoxxuresbHa.

8. Ha mmockoctu mano 100 Todek, HUKaKme 3 M3 KOTOPBIX HE JEyKaT Ha OJHON MPAMOIL.
OpHa 13 ToYeK KpacHasi, ocTajbHble — cuHue. Kakoe MoyKeT ObITh HanboJIbIlee KOJINIeCTBO
TPEYroJIbHUKOB ¢ CHHIMU BEPIINHAMIU, COIEPKAIINX KPACHYIO TOUKY !
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1. There are several fractions (numerators and denominators are positive integers,
denominators greater than 1). The product of all the fractions is equal to 7. Prove that at
least one of the numerators is a composite number.

2. Each cell of the table 4 x 4 contains a positive number. It is known that the sum of
numbers in each row, except the first, is equal to the sum of the numbers in the previous
row, increased by 4; and the sum of numbers in each column, except the first, is equal to the
sum of the numbers in the previous column, multiplied by 3. Find the sum of the numbers
in the second column, if you know that it is equal to the sum of the numbers in one of the
raws.

3. There are two types of figures on the table: squares 2 X 2 and rectangles 1 x 6, and the
sum of the perimeters of the squares is equal to the sum of the perimeters of the rectangles.
Of all the figures, one large square (without holes) was folded. What is the least possible
total number of figures on the table?

4. There is a covex quadrilateral ABC'D on the plane such that /B = ZC', ZD = 90°
and AB = 2C'D. Prove that the angle bisector of ZACB is perpendicular to the line C'D.

5. Vadim came up with a positive integer k and calculated the numbers 2% and 5*. It
turned out that their decimal representations begin with the same digit. Which one? Find
all the posibilities and prove that there are no others.

6. There is a triangle in the checkered square 100 x 100 so that its vertices lie in the the
vertices of the cells. What is the largest number of parts the square can be cut down by
the sides of the triangle and the grid lines?

7. The sum of the real numbers a, b, ¢ and d is 0. We denote the sums N = ab + cd,
K = ac+ bd, P = ad + bc. Prove that at least one of the sums N + 2K, K + 2P and
P + 2N is not positive.

8. There are 100 points on the plane, no three of which lie on the same line. One of these
points is red and the rest are blue. What is the largest possible number of triangles with
blue verticies containing the red point?



